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Here we obtain a result relating the sizes of irreducible representations

of a group and the size (order) of the group itself. Suppose a group G of
order N (G) has a set of irreducible representations, which we can write in
matrix form as D(r) (g), where r labels the particular representation and g
is an element ofG. In general, the matrices will be different for different gs,
and the elements of each matrix D(r) (g) depend on the basis we’re using,
as well as on r and g.

We begin with the character orthogonality relationship

∑
c

nc

[
χ(r) (c)

]∗
χ(s) (c) =N (G)δrs (1)

As a reminder, the character χ(r) (c) of an equivalence class c is found by
taking the trace of any of the matrices representing elements in the class c.
In 1, nc is the number of group elements g in class c.

Suppose we have a reducible representation given by a set of matrices in
block diagonal form. That is,

D (g) =



. . . 0 0 0 0

0 D(r) (g) 0 0 0

0 0 . . . 0 0

0 0 0 D(s) (g) 0

0 0 0 0 . . .


(2)

We assume that all elements g ∈G have this block diagonal representation.
In 2, each 0 represents a submatrix all of whose entries are zeros. The
dimensions dr of the diagonal blocks can vary, depending on the dimensions
of the irreducible representations, so the submatrices of zeroes need not be
square submatrices.

The reason that 2 is a representation is that, if we multiply two of these
matrices, say D (g)D (h), each block on the diagonal of D (g) multiplies
only the corresponding block of D (h) (try it - the zeroes cancel out the

1

https://physicspages.com
https://physicspagescomments.wordpress.com
http://physicspages.com/pdf/Group%20theory/Character%20orthogonality.pdf
http://physicspages.com/pdf/Group%20theory/Representations%20and%20characters%20of%20groups.pdf
http://physicspages.com/pdf/Group%20theory/Equivalence%20classes.pdf


SIZES OF IRREDUCIBLE REPRESENTATIONS 2

products of a diagonal block with all other diagonal blocks), so if D(r)

is a known representation, the condition that D(r) (g)D(r) (h) = D(r) (gh)
implies that D (g)D (h) =D (gh) as well.

At this point, it’s useful to summarize the notation as follows:

N (G) number of elements in group G

c equivalence (conjugacy) class within G

nc number of elements in class c

(r) irreducible representation r

dr dimension of (r)

D(r) (g) dr×dr matrix of element g in representation (r)

D (g) (possibly reducible) matrix of element g

nr number of times representation D(r) appears in D

Now back to 1, which describes the orthogonality of traces of irreducible
representations. However, since the character of any representation (re-
ducible or not) is the trace of its matrix, we see from 2 that the character of
D (g) (written χ(g) without a superscript) is the sum of the characters of all
the irreducible representations that make it up. Therefore we have

χ(c) = ∑
r

nrχ
(r) (c) (3)

We can thus write the orthogonality condition for a reducible representation
as

∑
c

ncχ
∗ (c)χ(c) = ∑

c

nc∑
r

nrχ
(r)∗ (c)∑

s

nsχ
(s) (c) (4)

We can swap the order of summation to do the sum over c first:

∑
c

ncχ
∗ (c)χ(c) = ∑

r
∑
s

nrns∑
c

ncχ
(r)∗ (c)χ(s) (c) (5)

= ∑
r

∑
s

nrnsN (G)δrs (6)

=N (G)∑
r

n2
r (7)

where we used 1 to get the second line. We thus get the result



SIZES OF IRREDUCIBLE REPRESENTATIONS 3

∑
c

ncχ
∗ (c)χ(c) =N (G)∑

r

n2
r (8)

which is valid for any representation, reducible or irreducible.
What is does tell us, however, is that if our representation D (g) is irre-

ducible, then only one of the nrs is non-zero, and that value must be 1. In
other words, for an irreducible representation

∑
c

ncχ
(r)∗ (c)χ(r) (c) =N (G) (9)

Now consider the regular representation Dreg (g), which in matrix form,
is an N (G)×N (G) matrix for each group element. The regular represen-
tation’s characters are all zero except for the identity, where we have

χreg (I) =N (G) (10)
The identity is always in a class of its own, so nc = 1 for c= I .

We can insert these results into 8. Since there is only one non-zero term
in the sum, we have

∑
c

ncχ
reg ∗ (c)χreg (c) = [χreg ∗ (I)]χreg (I) = [N (G)]2 =N (G)∑

r

n2
r

(11)
We therefore find that for the regular representation

∑
r

n2
r =N (G) (12)

We can apply a modified version of 4 where one representation is regular
and one is irreducible. We have

∑
c

nc

[
χ(r) (c)

]∗
χreg (c) = χ(r) (I)χreg (I) (13)

= drN (G) (14)

The first line follows from the fact that χreg (I) = N (G) is the only non-
zero character of the regular representation, and from χ(r) (I) = dr, since
the character of the identity is always equal to the dimension of the repre-
sentation.

From 3 (changing the dummy index from r to s):

χreg (c) = ∑
s

nsχ
(s) (c) (15)

so
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∑
c

nc

[
χ(r) (c)

]∗
χreg (c) = ∑

c

nc

[
χ(r) (c)

]∗
∑
s

nsχ
(s) (c) (16)

= ∑
s

ns∑
c

nc

[
χ(r) (c)

]∗
χ(s) (c) (17)

= ∑
s

nsN (G)δrs (18)

=N (G)nr (19)

where we used 1 to get the third line.
Combining 14 and 19 we have

dr = nr (20)
That is, the dimension of an irreducible representation is equal to the num-
ber of times it appears in the regular representation.

Comparing with 12, this gives us the relation between the size of the
group and the dimensions of its irreducible representations:

∑
r

d2
r =N (G) (21)

For any group larger than 1, the regular representation is reducible. For
smallish group sizes N (G), this can reveal the sizes of the irreducible rep-
resentations, since N (G) reduces to a sum of perfect squares. For example,
the permutation group S3 has size 6, which can be formed either by 12 six
times, or by 12 +12 +22, so there are either 6 one-dimensional representa-
tions, or 2 one-dimensional and 1 two-dimensional representation (the latter
of which is true).

Interesting as all this is, one thing it doesn’t tell us is how to convert a
general representation or a regular representation into block diagonal form,
and thus how to actually find the irreducible representations hidden in a
general matrix. This would appear to be a problem similar to that of diago-
nalizing a matrix M , which involves a transformation of the form S−1MS.
This can be done by constructing S from the eigenvectors of M . However,
to create a block diagonal matrix, this method doesn’t appear to work. I
haven’t found any way of doing this in general, so comments welcome.
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